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1 in a fully relativistic approach. Our study is based on a realistic Bethe-
Salpeter amplitude for the deuteron, which is obtained as a solution to the homogeneous
Bethe-Salpeter equation with a realistic NN kernel. Particular eort is made to connect the
structure functions to the densities of the appropriate charges and currents. This allows for a
systematic comparison between the relativistic and nonrelativistic calculations, by analysing
the same densities in both approaches. Thus, the sources of the relativistic eects in the
structure functions are understood and clearly distinguished from variations caused by the
dierences in the model parameters. We present both the formalism and extensive numerical
calculations for all steps of our analysis.
We nd that the nonrelativistic and relativistic calculations are qualitatively very much
alike. However, three main features systematically distinguish a consistent relativistic ap-
proach from the nonrelativistic one: (i) the binding eects are larger, (ii) the eect of Fermi
motion at high x is stronger and (iii) the relativistic description of the structure functions
bD1;2 is fully consistent, unlike the nonrelativistic approach, which is internally inconsistent
and violates the fundamental sum rules.
I. INTRODUCTION
This paper is the second of the two papers devoted to a study of the deep inelastic lepton scattering
(inclusive electroproduction) on the deuteron within the Bethe-Salpeter (BS) formalism. The rst paper [1],
presented a formal approach to the deep inelastic scattering within the BS formalism. The emphasize was
on the self-consistency of the method, and the development of all aspects of the formalism so that it could
be applied to a study of the realistic cases of reactions. Basic analysis was performed utilizing the operator
product expansion method in the leading twist approximation. Subsequently, the results were obtained in
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the space of the moments of the structure functions. Formal consistency of the approach was established and
important sum rules were proven. However, all numerical estimates were performed in the \scalar deuteron"
model which is rather far from reality. At the same time, it was stated that the following tasks have to
be done in order to complete the study. First, explicit formulas for the deuteron spin-averaged and spin-
dependent structure functions have to be derived, and, second, the structure functions have to be computed
in a realistic meson-nucleon theory. The present paper deals with both of the tasks.
Utilizing the realistic BS amplitude of the deuteron, we calculate all the leading twist structure functions of
the deuteron, and analyze the manifestations of the relativistic eects in these structure functions. Some of
the preliminary results, including solution of the BS equation with realistic NN -interactions, were discussed
previously [2{4]. However, this paper is not just a simple sum of results reported elsewhere, nor is it
based solely on the direct application of the formalism developed in ref. [1], but rather presents a better
understanding of the formal and physical aspects of the process.
It is imperative to mention now that in recent years a number of studies of the deep inelastic scattering
of leptons o the deuteron have been done, referring to various manifestations of the relativistic features
of the deuteron [5{10]. These studies certainly influenced our analysis during extensive studies in the time
following the rst publication [1]. Next, we found it convenient to use the formalism developed in refs. [11{13]
in the late 1970-th (see also [14]). This formalism is more convenient if we deal with the structure functions,
rather than the moments of structure functions (although it is mathematically equivalent, of course). Indeed,
the formalism of ref. [1] allows us to calculate the physical moments of the structure functions using the
deuteron amplitude under the Wick rotation. However, the numerical transform from the moments to the
structure functions (the inverse Mellin transform) is not a well-dened operation. The new formalism allows
for numerical treatment of the \inverse Wick rotation" of the Bethe-Salpeter amplitude of the deuteron for
an application to the calculation of the structure functions.
Another new distinguishing feature of the present paper is the special accent on the systematic comparison
of the relativistic and non-relativistic approaches. To do this, we consider a connection of the structure
functions to the densities of appropriate charges and currents, and then analyze these densities in both
relativistic and nonrelativistic approaches. In this way, we are able to trace the origins of the relativistic
eects and demonstrate inconsistencies in the nonrelativistic approximations. The paper contains a number
of illustrations for every step of our analysis.
Finally, results for the structure functions published previously have been recalculated using the new
method and some of them have been corrected slightly.
The paper is organized as follows. In Section II, we dene the densities of the currents which are used later
in the analysis of the deep inelastic scattering. For this purpose, the realistic BS amplitude for the deuteron
is presented, and the relativistic and nonrelativistic expressions for densities are dened and calculated
within the realistic models. In Section III the relativistic formalism of the approach to the deep inelastic
scattering on the deuteron is developed, including explicit relativistic and nonrelativistic formulae for the
structure functions, and the sum rules for the structure functions are analyzed. Section IV contains results




1 in the realistic models, both relativistic and
nonrelativistic. In Section V the summary of results of the paper is presented. Two Appendices contain
important technical details.
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II. ANATOMY OF THE DEUTERON
A. Realistic NN-interaction and Bethe-Salpeter amplitude
The basis of our approach to the relativistic description of the deep inelastic scattering o the deuteron is
a nucleon-nucleon Bethe-Salpeter amplitude. General self-consistency of the approach has been analysed in
our previous paper [1]. The way to construct relevant matrix elements has been shown and important sum
rules have been proved, both without any reference to the particular model for the BS amplitude. A naive
numerical estimate has been done within the scalar deuteron model which is found to be in a qualitative
agreement with the nonrelativistic theory of the deep inelastic scattering [15{17].
Apparently, for the realistic calculations of the deuteron structure functions we need the realistic BS
amplitude. The realistic BS amplitude of the deuteron is such an amplitude which provides us with a good
description of bulk of the deuteron properties. This is the same ideology as it is in constructing the realistic
wave function of the deuteron [18{22]. The most consistent way to obtain the realistic BS amplitude is to
solve dynamical problem within the realistic model of the NN -interaction. The realistic NN -interaction
still cannot be derived from the underlying fundamental theory, QCD, or its nonrelativistic approximations,
such as the chiral perturbation theory. Although some progress has been achieved in recent years [23,24].
Alternatively, the parameters of the NN -interaction can be xed from the available experimental data on
nucleon-nucleon scattering (phase shifts analysis), if the general form of interaction is somehow xed. This
is a traditional way of action [18,19,25,22]. Unfortunately, the parametrization of the NN -interaction is
dependent on the choice of a dynamical equation. In spite of certain similarity of the sets of parameters in
all realistic models there is no universal potential for all nonrelativistic and relativistic potentials.
Only one parametrization of the NN -interaction is available for the BS equation, the parametrization of
Fleischer and Tjon [25]. This parametrization is probably already due for a revision [26], incorporating new
data on the nucleon-nucleon phase shift analysis [27]. However, this parametrization has been used as the
basis for our recent calculation of the BS amplitude of the deuteron [2]. The meson parameters (masses,
coupling constants, cut-o parameters) have been taken to be the same as in ref. [25,21], except for the
coupling constant of the scalar -meson, which has been adjusted to provide a numerical solution of the
homogeneous BS equation. The chosen set of meson parameters requires some minor adjustment, in view
of two circumstances. First, here we use a simplied form of the propagator of the vector mesons, omitting
kk=
2
B-term. Second, the dierent numerical procedures in solving the eigenvalue problem for the BS
equation can also aect the value of parameters.
A detailed formalism preceding the numerical solution of the BS equation for the deuteron is presented
in ref. [1]. The Fredholm system of "Wick rotated" equations with all meson exchanges is solved by an
iteration procedure with two dimensional gaussian integration (see e.g. ref. [28]). Eight components of the
BS amplitude of the deuteron:
 p1;  
0
a1;  v1;  a0;  a2;  
0
t1;  t0;  t2: (2.1)
have been computed as scalar functions of two variables, p0 and jpj. Now these components are available in
the form of an analytical parametrization [29].
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Since the one-boson exchange potential [21,25] was used only with a minor adjustment, our solution does
not contain new physics (or dierent physics) than the pioneering paper. All parameters are presented
in Table 1. The set of parameters includes the nucleon mass, m, the deuteron binding energy, "D, and,
therefore, the deuteron mass, MD = 2m+ "D. The coupling constants are shown in accordance with our





where  is a cut-o parameter (see Table I).
B. Static properties and densities
In order to compare dierent models of the deuteron and dene to what degree each of the models is
realistic, it is natural to calculate various observables within these models and compare them with each
other and with the experimental data. The canonical way to do this is to calculate the nucleon contributions
to static observables, such as mean square radius, magnetic and quadrupole moments, etc. [18{22,30]. (The
mesonic corrections are quite small and depend upon additional model assumptions.) Most of the modern
realistic models give quite good description of the static properties, or have a decent explanation in the case
of a minor discrepancy. The observables of the reactions, such as formfactors and structure functions, are
more model dependent. Those are often used as a tool for discriminating between models or certain ways of
using models for calculations.
A direct comparison of the wave functions and amplitudes usually seems to be less meaningful. Still, in
many cases particular properties of the wave functions and amplitudes directly indicate what will happen
when observables are calculated. A good example here is the D-wave admixture, which directly aects
values of the magnetic and quadrupole moments, tensor analysing power, T20, and spin-dependent structure
functions of the deuteron, gD1 and b
D
2 . Another example, the high momentum \tail" of the wave function
(amplitude) dominates in the observables for some kinematic conditions with a high momentum transfer.
However, the interpretation and properties of BS amplitudes are very dierent from the ones of the wave
functions, a direct comparison between them is impossible.
Recently, it has been argued that a new intuition can be developed in working with the BS ampli-
tude [30,29]. The approach is based on dealing with the charge and current densities. The same densities
also can be calculated in the nonrelativistic approach with wave functions. Thus we gain a possibility to
compare the models by comparing densities. Besides densities are more directly linked to the observables
than wave functions and amplitudes. Following this guiding idea, we calculate the charge densities which
are related to the various structure functions in deep inelastic scattering.
The nucleon contribution to the deuteron observable, hOi, in many important cases is dened by the







ΨM (p0;p)O^(p1; q; k)ΨM(p0 + k0;p + k)(p^2 −m)
o
; (2.3)
where p1;2 = PD=2  p = (MD=2  p0;p), PD = (MD ; 0) is the deuteron momentum in the rest frame,
p = (p0;p) is the relative momentum of nucleons, O^(p1; q; k) is an appropriate operator and ΨM (p0;p) is the
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Bethe-Salpeter amplitude for the deuteron with M being the deuteron’s total angular momentum projection
(see Ref. [1] for denition and conventions for ΨM (p0;p)). The operator O^(p1; q; k) is written in a general
form, depending on nucleon momentum, p1 and two external momenta, q which does not sneak into the
lower part of the diagram and k which adds to nucleon momentum. In the present paper we consider only
the case with k = 0.
The explicit form of operators and structure of the deuteron matrix elements relevant to the deep inelastic
scattering, were studied previously [16,17,5{7,1]. One of the methods to nd a form of the operator for deep
inelastic scattering is to adopt the Wilson’s Operator Product Expansion [31] and use it within the eective
meson nucleon theory [16,17,32,1]. Other possible approach is based on a parametrization of the operators
in the most general form with analysis of all structures phenomenologically or within models for quark-
nucleon amplitudes [5{7,14,33]. Both approaches lead to the same results in \convolution approximation"
which assumes that the deformation of the nucleon operator o-mass-shell can be neglected. Very small and
strongly model dependent corrections to the convolution are qualitatively similar in both approaches. In the
present paper we do not concentrate on the dierences between these two approaches, i.e. our analysis is
not going beyond the convolution approximation.
Thus, the relevant operators are vector, γ, and axial vector, γ5γ. Let us dene the matrix elements of






















where notation in the l.h.s. are obvious and we use this notation in what follows. There are three main
combinations of these matrix elements which are important for deep inelastic scattering and which are







fhγ0iM + hγ3iMg (2.5)
bD2 ! fhγ0iM=1 + hγ3iM=1g − fhγ0iM=0 + hγ3iM=0g (2.6)
gD1 ! fhγ5γ0iM=1 + hγ5γ3iM=1g ; (2.7)
where ! means \corresponding to" and does not have a direct mathematical interpretation. Explicit con-
nection of these matrix elements to the structure functions will be discussed in Section III. The important
circumstance now is that these matrix elements present charges and currents, vector and axial vector, cal-
culated for the deuteron states with dierent combinations of the total angular momentum projections, M .
Properties of these matrix elements, including rigorous sum rules for the charges, are used later to discuss
the structure functions.
Let us start from the matrix elements involved in eq. (2.5). The rst term, hγ0iM , is the charge of the
conserved vector current and since it is independent of M the following sum rules can be immediately written





hγ0iM = hγ0iM = 1: (2.8)
Obviously this sum rule is also valid in the nonrelativistic approaches, since it is just a normalization condition
for both the wave functions and BS amplitudes. To make more meaningful use of this matrix element and
compare our approach to other realistic approaches, we dene charge density in the BS formalism as (see



















BS(p) = 1; (2.10)

















NR(p) = 1; (2.12)
where ΨM (p) is a nonrelativistic wave function of the deuteron (do not confuse with the Bethe-Salpeter
amplitude, ΨM (p0;p)!) with u andw being its S- andD-wave components. The densities, hγ0i(p), calculated
in three realistic models [18,19,2] are shown in Fig. 2 as functions of jpj. Certain model dierences at
jpj > 0:5 GeV are present, however there is no distinguishing feature of the relativistic density.
Similarly, we consider other components of the vector and axial matrix elements. The relativistic den-
sities, hγ3iBS(p), hγ5γ0iBS(p), etc, are dened by replacing γ0 with γ3, γ5γ0, etc, and taking appropriate
combination of the matrix elements with dierent M in eq. (2.9). The explicit expressions for all densities
in terms of components of the BS amplitude are presented in the Appendix A.
The nonrelativistic densities are calculated using methods of nonrelativistic reduction [17,1,8]. Here we
present the most interesting of them. A remarkable feature of the non-relativistic densities is that they have
the same angular dependences as the corresponding relativistic densities.




















where # is polar angle of vector p. Note, this density has a suppression factor of  jpj=m, due to a mixing of
upper and lower components of the Dirac spinors by non-diagonal matrix γ3. Since the angular dependence
of the explicit form of the relativistic density hγ3iBS(p) is also absorbed in the factor cos# (see Appendix





NR(p) = hγ3i /
1Z
−1
d (cos#) cos# = 0; (2.14)
These densities for realistic models are show in Fig. 3 at  = 0. Basically they just reflect the behavior of
the charge densities from Fig. 2 in accordance with the nonrelativistic formula (2.13). For illustration, the
curve representing the BS density from Fig. 2 multiplied by the factor jpj=m is also shown (dash-dotted).
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Surprisingly enough, it barely can be distinguished from the exact hγ3iBS(p) (solid line) even at momenta
higher than m.




























where P2(x) is the Legendre polynomial. We also can easily write down sum rules for the spin-dependent






















where wD is the weight of the D-wave in the deuteron. The relativistic analogue of the sum rule (2.18) can
be used for an estimate of the \admixture" of the D-wave in the relativistic formalism which otherwise does





BS(p) ’ 0:9215; (2.19)
which gives us an estimate of wD  5%.1
The realistic model densities (2.15) and (2.16) are presented in Figs. 4 and 5, respectively. These two
examples conrm the conclusions of the previous illustrations: (i) realistic models are in a reasonable agree-
ment among each other, providing description of the charge and current densities of the deuteron, and (ii) in
spite of some model variations at high momentum, there is no distinguishing feature of the densities obtained
in a relativistic BS formalism. Therefore, we can not expect striking relativistic eects caused by the form
of the densities. However, this conclusion does not close a possibility for eects generated by the dierences
in the relativistic and non-relativistic description of the deep inelastic reaction.
III. RELATIVISTIC THEORY OF THE DEEP INELASTIC SCATTERING ON THE DEUTERON
A. Denitions and kinematics
We start with the general form of the hadronic tensor of the deuteron with the total angular momentum
projection, M , keeping only leading twist structure functions:
1There can be corrections, O(jpj2=m2), to the density, hγ5γ3i
NR
M=1(p), see refs. [32,8]. However, their estimated






























where q = (; 0; 0;−
p
2 +Q2) is the momentum transfer, Q2 = −q2, xD = Q2=(2PDq) (in the rest frame
of the deuteron xD = Q





the deuteron structure functions. Averaged over the M this expression leads to the well-known form of the





























2) are result of averaging of the SF FD1;2(xD; Q
2;M). It is easy to nd that other structure
functions can be obtained as a result of other combinations of WD(q; PD;M) with dierent M :
WD(q; PD;M = 1)−W
D




WD(q; PD;M = 1)−W
D




The eqs. (3.2), (3.4) and (3.5) are the basis for the experimental measurements of the deuteron structure
functions. However, for the purpose of theoretical studies of the hadronic tensor and structure functions
the projection technique is more convenient. All relevant formulae for projection technique are presented in
Appendix B. More background information on the SF bD1;2 can be found in refs. [34{37].
To calculate the hadronic tensor of the deuteron we follow the general formalism of our approach:











The nucleon tensor operator, W^N(q; p), has been studied extensively in recent years [16,32,1,5,6,8,14]. We
use a well established form of the operator, leading to the convolution formula [38]:











1 (q; p); (3.9)
where f: : :g and [: : :] denote symmetrization and antisymmetrization of indices, respectively, and gN1 (q; p) =
gN1 (x;Q
2) is the spin-dependent nucleon SF. The hadronic tensor of the nucleon, W(p; q)






















where x = Q2=(2pq) and FN1;2 are the nucleon SFs. The small eects of the o-mass-shell deformation of the
nucleon tensor [5,8,39] are not considered here, since these eects do not aect sum rules for SF and do not
8
noticeably change the absolute values of the SFs. That is why SFs FN1;2 in (3.10) do not depend on p
2, but
q2 and pq.
Using projectors (Appendix B), we extract SFs from the hadronic tensor of the deuteron:




















































where xN = Q
2=(2m) is the Bjorken scaling variable2, i.e. this is x for the on-mass-shell nucleon at rest,
p10 and p13 are the time and 3-rd components of the struck nucleon momentum. Formulas (3.11) and (3.12)
have not been averaged over the projection M since in the present form it gives an understanding of the
SF bD1;2. Indeed, for instance eq. (3.12) gives two independent \SFs", with M = 1 and M = 0, which are
related to the usual spin-independent SF, FD2 , and a new SF, b
D
2 :






FD2 (xN ; Q
2;M); (3.14)
b2(xN ; Q
2) = FD2 (x;Q
2;M = +1)− FD2 (x;Q
2;M = 0); (3.15)
FD2 (xN ; Q
2;M = +1) = FD2 (xN ; Q
2;M = −1): (3.16)
Note, the SF FD2 (x;Q
2;M) is independent of the lepton polarization, therefore, both SFs, FD2 and b
D
2 ,
can be measured in experiments with an unpolarized lepton beam and polarized deuteron target. In view
of eq. (3.16), only one of the SFs FD2 (x;Q
2;M) is needed, in addition to the spin-independent FD2 (x;Q
2),
in order to obtain b2(x;Q
2). The other SF, bD1 , is related to the deuteron SF F
D
1 , the same way as b
D
2 is





B. Singularities of the triangle diagram and calculation of structure functions
It has been shown previously [11{14] how a singular structure of the triangle graph (Fig. 1) rules the
behavior of the spin-independent SF FD2 . In particular, it is found that the relativistic impulse approximation
satises the unitarity and provides the correct kinematical region of the variable xN . However, both these
properties of the exact covariant amplitude are violated in practical calculations, when nonrelativistic wave
functions of the deuteron are used. In this case one can refer to the argument that such deviations are small,
and are not important for phenomenology. At the same time, a realistic Bethe-Salpeter amplitude of the
deuteron serves ideally for a consistent phenomenological application of the covariant theory of the processes
on the bound nucleons.
2Note that the \native" deuteron variable is xD = (m=MD)xN , however xN is used more often.
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In order to calculate SFs, (3.12)-(3.15) and analyze the sum rules, the singularities of the triangle diagram
should be explicitly taken into account. To do that, eq. (3.12) is rewritten as:



















M(p0;p)(p^1 +m)(γ0 + γ3)(p^1 +m)M (p0;p)(p^2 +m)
}
; (3.17)
where M (p0;p) = (p^1 −m)ΨM (p0;p)(p^2 −m) is the Bethe-Salpeter vertex function of the deuteron.
Analysis of singularities in the complex p2+-plane allows for one analytical integration in (3.17) [13]. After
translation into variables which are used in the present paper, this integration is equivalent to picking the
residue of the second nucleon pole, p20 = ! =
p
m2 + p2 or p0 = MD=2− !, in the complex p0-plane when
both of the following conditions are satised:
0 < ! − p3 <MD : (3.18)
The contribution of the region of p beyond (3.18), to the integral (3.17), is zero, i.e. dierent poles cancel
each other. Note, that p10 = MD − ! in the required pole. Calculating residue in (3.17), one gets:










MD − ! + p3
; Q2













where the -function guaranties the right of conditions (3.18) is satised, and the left condition is always
satised.
It is useful to rewrite (3.19) in the convolution form:









































The SFs FD1;2 and b
D
1;2 are now calculated as follows:(
FD1 (xN ; Q
2)




















FD2 (xN ; Q
2)






























1 (y) − f
N=D
0 (y): (3.25)
Similarly, for the SF gD1 we get:






































C. Sum rules for the deuteron structure functions
















M (y)dy = hDj (N )






 (x) is the trace of the energy-momentum tensor. Eq. (3.28) presents the vector
charge conservation generalized for the deuteron states with dierent M (see eqs. (2.9)-(2.10)). In spite
of clear physical interpretation, some time ago it was a subject of some controversy [11{13]. Indeed, the
derivation of sum rule (3.28) contains some subtle points and equivalence between it and the expression for
the charge, (2.8), is a non-trivial fact, particularly, because of the presence of the -function in eq. (3.21).
This -function provides correct kinematics in variable xN but cuts out a part of the integration domain
in d3p. This cutting of the integration interval in the polar angle  leads to non-zero contribution of the
matrix element containing γ3, which is proportional to cos. However, the validity of this sum rule has
been rmly established [11{13]. The sum rule (3.29) for the rst moment of f
N=D
M is of a dierent nature,
it presents the nucleon contribution to the total momentum of the deuteron [16,40,17,1] and N is a part of
the total momentum carried by the non-nucleon component (mesons). The constant N cam not be xed
in a model independent fashion, rather it is calculated within any particular model. Self-consistency of the
theory requires that meson exchange current contribution into the deuteron SF, FD2 , exactly compensates
the loss of energy by nucleons, (3.29). An important property of sum rules, (3.28) and (3.29), is that their
r.h.s. does not depend on the deuteron spin orientation.
The sum rules for fN=D(y) and fN=D(y) follow from sum rules for f
N=D



















 jDiM = 1− N ; (3.31)
MD=mZ
0
fN=D(y)dy = hγ0iM=1 − hγ0iM=0 = 0; (3.32)
MD=mZ
0
yfN=D(y)dy = hDj (N )

 jDiM=1 − hDj (N )

 jDiM=0 = 0: (3.33)
Sum rules for the deuteron SFs bD1 and b
D











2 (xD) = 0; (3.35)
in an agreement with the sum rules suggested by Efremov and Teryaev [34].
Sum rule for the spin-dependent distribution relates the integral of the spin-dependent distribution of






An explicit expression for the distribution function f
N=D
M (y) (and therefore of f
N=D(y) and fN=D(y)) in
terms of the components of the Bethe-Salpeter amplitude can be directly established from eqs. (3.21) and
(3.27) and formulae for the corresponding densities are given in Appendix A.
D. Calculation of distributions: Inverse Wick rotation.
To calculate numerically the eective distribution functions, (3.21), (3.24), (3.25) and (3.27), we need to
know the matrix elements over the BS vertex functions as functions of p and at p0 = MD=2 −
p
m2 + p2
along real p0. Let us remind that the components of BS amplitude have been found along imaginary axis in
p0-plane (Wick rotation).
We explain the procedure of calculating the \inverse Wick rotated" matrix element using an example of























where hγ0iBSpole(p) and hγ3i
BS
pole(p) are the densities dened similarly to eq. (2.9), but in the \pole approxima-
tion", i.e. exact integral is replaced by residue at the second nucleon pole. An explicit form of hγ0iBSpole(p)
and hγ3iBSpole(p) is clear from eqs. (3.21) and (3.37). Second, we notice that this density does not have any
singularities in the complex plane of p0. Neither does the matrix element:
Tr







ΨM (p0;p)(γ0 + γ3)ΨM (p0;p)(p^2 −m)
}
: (3.38)
Therefore, to calculate the density in the pole approximation, the matrix element (3.38) can be safely
expanded into a Taylor series in the variable p0 around the point p0 = 0. Third, the coecients of the
Taylor expansion can be calculated, using the known r.h.s. of eq. (3.38) along imaginary p0. And last, a
convergence of the expansion can be checked numerically, by comparing results of calculations up to dierent
order in p0. Note, that eq. (3.38) and similar expressions for all other distributions are even functions of
p0, therefore the Taylor expansion really should be done in p
2
0. In addition, the point p0 = 0 should be
a good point for the Taylor expansion, since in the most physically interesting region of jpj=m  1 we
have jp0=mj 
"D=(2m) − jpj2=(2m2)  1. The critical point for any expansion in the nuclear physics is
usually jpj=m = 1. However, even at this point jp0=mj is still a good parameter for the Taylor expansion,
jp0=mj 
"D=(2m) − (p2− 1)  0:4. Parameter jp0=mj is getting close to 1, with jpj=m 1:5.
The results of calculations of the charge density in the pole approximation, hγ0ipole(p), are presented in
Fig. 6, where we compare curves for calculations up to  p00 ,  p
2
0 and  p
4
0. As we expected, the procedure
is nicely convergent up to jpj  1 GeV and with reasonable accuracy can be used up to jpj  1:5 GeV.
Similar results for the axial density in pole approximation, hγ5γ3ipole(p), are shown in Fig. 7.
Note, the numerical approximation made in this section, such as limiting number of terms in the Taylor
expansion, can potentially cause a violation of the exact sum rules.
E. Nonrelativistic formulae for structure functions
The nonrelativistic expressions for fN=D(y), fN=D(y) and ~fN=D(y) can be obtained by using an analogy
of the charge densities calculated within the Bethe-Salpeter formalism and corresponding densities calculated
with wave functions (e.g. (2.11), (2.13), (2.15) and (2.16)). Actually, the distributions in the BS formalism
are expressed in terms of densities in the nucleon pole approximation, (3.21), (3.25) and (3.27) and not exact
densities as (2.9). However, one can hope that the nucleon pole contribution gives the main contribution
to the density, at least in the non-relativistic region. Such type of assumption is very common for nuclear
physics (see e.g. [20,22,41,6,7]). For instance, the well-known result for the spin-independent distribution is


























MD − w + p3
m









The presence of the -function on the r.h.s. of eq. (3.39) slightly violates the sum rule (3.30). However, this
is not noticeable phenomenologically, since the only region of large momenta, jpj > 0:7 GeV, is aected by
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the -function and it does not contribute much to the norm of the deuteron wave function. We can accept
such slight eect of the -functions, since a nonrelativistic approximation is based on the belief that high
momenta are not important and if something is wrong there we just ignore it.
For distribution fN=D(y), we get:
f
N=D









































)P2(cos) = 0; (3.41)
where the orthogonality property of the Legendre polynomials is used.
A deviation from zero, caused by the -functions is not large compared to 1, but anything is large compare
to 0! One can articially adjust formula (3.40) to fulll this sum rule. For instance, small corrections to the
normalization of both terms with M = 1 and M = 0 can be made to satisfy the sum rule in the form (3.32).
However, the situation with the second sum rule, (3.35) and (3.42), is more dicult and can not be xed by
any simple adjustments of the normalizations or ignoring the  functions. Similar to eq. (3.41), it can be














d(cos)(MD −w + jpjcos)(1 +
jpjcos
m
)P2(cos) 6= 0: (3.42)
Thus, there is no reason for this sum rule to be satised with the nonrelativistic distribution function (3.40).
Therefore the nonrelativistic formulae, in principle, violates the sum rules for the SFs bD1;2. However, we can
still hope that it will be a small eect, one not noticeable in practice.
Nonrelativistic formulae for other spin-dependent distribution, ~fN=D , are also a straightforward result
of using density (2.16) instead of the relativistic density in the pole approximation in eq. (3.27) (see also


































F. Calculation of distributions: relativistic vs. nonrelativistic
In order to understand if relativistic distribution functions, (3.21), (3.25) and (3.27), are signicantly
dierent from the nonrelativistic distributions, (3.39), (3.40) and (3.27), we have to understand fully an
eect of the one pole approximation on the densities in the BS formalism. Indeed, discussion of Section II B
prepared us to the fact that we can not expect signicant physical eects from the form of the densities,
since both relativistic and nonrelativistic realistic models lead to similar results and we do not detect any
special trend for the relativistic model.
In Figs. 8 and 9 we compare the exact densities and densities in the one pole approximation, for two most
important densities hγ0i and hγ5γ3i. We nd that one pole approximation leads to a signicant change in
the density. The densities in one pole approximation (solid curves) have much harder tail compared to the
exact densities (dotted curves), starting at jpj  0:5m, and eect is an order of magnitude at jpj  1:5m.
This can be qualitatively understood, considering an example of the charge density, hγ0i. Indeed, picking the
nucleon pole in the full integral, corresponds to neglecting the antinucleon (negative) contribution to total
charge density which concentrates at high momenta, jpj. The presence of -functions in the expressions for
the distribution functions, fN=D and ~fN=D , cuts o a part of the high momentum region, but this is a minor
eect. Eect of \softening" caused by the -functions is also illustrated in Figs. 8 and 9 (dashed lines).
These curves are the BS densities in the pole approximation (solid lines) multiplied by (MD − ! + p3)
integrated over cos.
The results presented in Figs. 8 and 9 imply that the relativistic densities appearing in the formulae for the
eective distribution functions are enhanced at medium and high momenta. Comparing these results with
those in Figs. 2 and 5 we nd that the eect is much larger than any model dierences. Still, since the eect
is concentrated at high momenta it is not clear if it leads to observable eects in deep inelastic scattering.
To clarify this, in Fig. 10 we present the eective distribution function, fN=D(y). For completeness of the
illustration, we compare distribution functions calculated using three dierent charge densities: (i) nonrela-
tivistic density of the Bonn potential (dotted line), (ii) relativistic BS density in the one pole approximation
(solid curve) and (iii) exact densities within the BS approach (dashed curve). The last curve is aimed to
illustrate dierences in the description of the mechanism of the reaction in nonrelativistic and relativistic
approaches, i.e. it presents result for made up situation, if charge density of the nonrelativistic model is
exactly the same as of the BS approach. We nd that consistent relativistic description gives the eective
distribution which is systematically harder at high momentum fraction, y. This is a result of harder charge
density in the one pole approximation. It is interesting that the relativistic distribution is also enhanced at
small y ! 0. This eectively corresponds to larger \binding eects" in the BS approach which was observed
in ref. [2]. Very similar eects can be observed in other eective distribution functions, ~fN=D and fN=D .
However, in these cases those eects are not so explicit, because of the oscillating nature of the distribution
functions. (See e.g. discussion about fN=D below.)
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IV. NUMERICAL CALCULATION OF STRUCTURE FUNCTIONS
A. Unpolarized deuteron, FD2
The spin-independent SF of the deuteron, FD2 is calculated using the eective distribution functions
presented in Fig. 10 (see discussion at the end of the Section III F). The results of this calculation are shown
in Fig. 11 in the form of ratio of the SF of the deuteron and the nucleon. The nucleon SF, FN2 is taken
from ref. [42] at Q2 = 10 GeV2. We nd that BS approach gives a behavior of the deuteron SF qualitatively
similar to the results of the nonrelativistic and \made up nonrelativistic" calculations. However, there are
two delicate, but essential dierences:
 First, the ratio FD2 =F
N
2 in the BS approach is lower than others at small x, x < 0:5. This eect can
be easily understood from the form of distribution, fN=D(y), in Fig. 10 and formula (3.23). Indeed, at
x = 0 the SF FD2 is:








2 (0) = 1 because
MD=mR
0
fN=D(y)dy = 1 is a normalization, (3.30). When we move
from x = 0 to larger x, we \lose" part of the normalization, since the lower limit of integral in eq. (3.23)
is x. Since the relativistic fN=D is larger at small x than the nonrelativistic ones, it leads to a faster
decrease of the relativistic SF with increasing x. The fact that the ratio FD2 =F
N
2 is less than 1 at small
and intermediate x is know to be a result of the \binding of nucleons" (see e.g. [15{17,1] and references
therein).
 Second, the relativistic SF displays sharper rise at higher x, x > 0:5 than the nonrelativistic ones.
This, again, can be understood from the form of the distribution, Fig. 10, and the convolution formula,
(3.23). With increasing of x the role of the high momentum tail of the eective distribution is getting
more important for integration in eq. (3.23) and at x > 1:0 the tail is completely dominating. The
deuteron SF at x > 1 is presented in Fig. 12.
It has been shown recently, that relativistic calculations lead to the larger binding eects than the non-
relativistic ones [9,2]. However, the result of ref. [9] which presents eects two to three times larger than
ours still is neither explained nor physically understood. In ref. [2] the size of the eect was not so large,
but the method of numerical calculations was essentially based on the numerical inverse Mellin transform
of the non-analytical function. The approximations had to be made, which eventually was not good at high
momentum. That is why we specially attempted to verify quantitative size of the eect. It is worth to
remember that we discuss quite tiny eect of  1− 2% in the ratio FD2 =F
N
2 . We also can measure the bind-
ing eect using the energy-momentum sum rule (3.29). The quantity N is a natural parameter controlling
the binding in any particular calculations. For example, the nonrelativistic formulae allow for an analytical









where hT i is a nonrelativistic mean kinetic energy of nucleons in the deuteron. For the realistic models
typically hT i  15 MeV, which gives   5  10−3. Calculating with the BS eective distribution of the
present paper, we nd   0:7  10−3. Note, that in ref. [2] the quantity   1  10−2 has been reported.
We attribute this small discrepancy to the less sophisticated numerical approximation which had been made
in [2]. This approximation slightly underestimates a high momentum behavior of fN=D .
B. Polarized deuteron, bD1 and b
D
2
The SFs of the deuteron bD1;2(x) are calculated within both the relativistic and nonrelativistic approaches.
The relativistic calculations are based on the formulae (3.21), (3.22)-(3.25). The nonrelativistic calculations,
eq. (3.40), uses the realistic wave function of the deuteron in the Bonn potential [19]. Another ingredient
of the calculations, the nucleon SFs FN1;2(x;Q
2), is again taken from ref. [42] at Q2 = 10 GeV2. The results
are neither very sensitive to the particular choice of the parametrization for the nucleon SFs nor to the
Q2-dependence of them.
The distribution functions fN=D(y) are calculated and the results are presented in Fig. 13. The relativis-
tic (solid line) and nonrelativistic (dotted line) calculations give similar behavior of the distribution function.
Indeed, it is dicult to distinguish between them, not speaking about making denite conclusions. The third
line in the Fig. 13 is given for illustration, and presents yfN=D (y) for the relativistic calculations. The
calculation of the sum rules is more representative. To understand the scale of eects, which are discussed














dy ’ 0:14: (4.3)
The Bethe-Salpeter and nonrelativistic Bonn calculations give the same result in (4.3), with accuracy of
 5%. Thus, the eective distribution functions, fN=D , are an order of magnitude smaller than the usual
spin-independent distributions fN=D normalized to 1. This is not a very important circumstance, but it works
against accuracy in the numerical calculations, since fN=D is a dierence of two functions normalized to 1
(M = 1 and M = 0). Numerically, the sum rule (3.34) (see also eq. (3.41)) is satised both in relativistic and
nonrelativistic calculations with good accuracy, despite the approximate numerical \inverse Wick rotation"
and the discussion after eq. (3.40). The corresponding integrals are  5 10−4 and  3 10−5 and they should
be compared to the estimate (4.3). The sum rule (3.28) may be used to improve distributions fN=D by




0 exactly the same. However, this does not lead to a signicant variation
of results for SFs, except x! 0 for bD1 (x).
The behavior of bD1 (x) at x ! 0 deserves to be considered more closely, especially for numerical calcu-
lations, since the nucleon function FN1 (x) can be divergent at small x. Unfortunately it is impossible to
estimate bD1 (0) exactly for the realistic SF F
N
1 . However, a contribution of the singularity can be evaluated.
Indeed, let us assume a singular behavior as FN1  C=x, then eq. (3.22) leads for small x to
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where Z = 0 in exact relativistic formula, but it can be a small number in numerical calculations or in the
nonrelativistic formalism. Thus, the limit of the deuteron SF bD1 (x) as x ! 0 is a constant, but one has
to exercise great care in performing numerical computations, since any error leads to a divergent behavior
at small x. In this context, an adjustment of norms of the two terms in formulae (3.25) and (3.40) has a
meaning of subtraction of the numerical error from bD1 at small x.
The situation with the second sum rule (3.35) is quite dierent. Numerically it is violated more signicantly
than the previous one. Corresponding integrals are  110−3 and  310−3 for relativistic and nonrelativistic
calculations respectively, i.e. about 0:7% and 2% compare to (4.3). Therefore, numerical approximations
slightly damage the relativistic formula too. It is attributed to the numerical rotation in the Minkowski
space. An adjustment of the normalization, as it has been discussed, slightly improves the accuracy (to
0:5%). On the contrary, the result for the nonrelativistic approach is stable with respect to any adjustments,
since it is dened by the formulae (3.42).
The SFs bD1 and b
D
2 are calculated within two approaches as well. The results are shown in Fig. 14 a)
and b). The behavior of the functions in Fig. 14 a) suggests the validity of the sum rule (3.34). At the
same time, the nonrelativistic calculation for bD2 in Fig. 14 b) (dotted line) obviously does not satisfy the
sum rule (3.35). The main dierence of the relativistic and nonrelativistic calculations is at small x, where
these approaches give dierent signs for the SFs. To illustrate the eect of the presence of the -function
under integral in the nonrelativistic formula (3.40), the calculations have been done as well with a restricted
interval of integration over jpj. The condition jpj < 0:7 GeV corresponds to the \softer" deuteron wave
function, but makes the sum rule (3.42) exact. Corresponding SFs are shown in Fig. 14 a) and b) (dashed
line). The result of this \experiment" is that the eect of -function is not quantitatively signicant. It also
does not aect the principle conclusion about the second sum rule (3.35), but makes the defect a tiny bit
smaller. This is understandable, since the sum rule breaking terms in (3.42) is / jpjcos.
C. Polarized deuteron, gD1
The spin-dependent SF of the deuteron, gD1 , is calculated using the same three models as the spin-
independent SF, F2: the fully relativistic BS approach (solid line), nonrelativistic approach based on the
Bonn wave function(dotted line) and nonrelativistic approach which uses the exact density of the BS approach
(dashed line). The nucleon SF, gN1 is taken from ref. [43]. The results of calculations are presented in Fig. 15.
For illustration we also present in Fig. 15 the quantity hγ5γ3iBSM=1 which corresponds to a \model" for the











If we replace hγ5γ3iBSM=1 by the factor (1− 3=2  wD) from eq. (2.18), we get the formula usually used by
experimentalists aiming to obtain the neutron SF, gn1 from the combined proton and deuteron data.
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Fig. 15 shows that picture is dierent from the naive estimate (4.5). However, within the present day
experimental errors it may be a reasonable approximation (see e.g. ref. [4]). Huge leaps of the ratio around
the constant hγ5γ3iBSM=1 at x < 0:7 are not too important. They correspond to zeros of the nucleon SF
which are slightly shifted by the convolution formula. Systematic dierence in the ratio exist between the
nonrelativistic calculation (dotted line) and two calculations based on the BS densities (solid and dashed
curves). This is a dierence between D-wave admixture in the Bonn potential (wD  4:3%) and our solution
of the BS equation (wD  5%). The rise of the ratio, at x higher than 0.7, is of the same nature as in the
spin-independent case in Fig. 11, it is caused by the Fermi motion.
V. SUMMARY
In this paper, we have presented a study of the deep inelastic electron scattering on the deuteron in the
Bethe-Salpeter formalism in the realistic meson-nucleon model. In particular,
 The connection of the structure functions to the densities of the appropriate charges and currents is
analyzed. By analysing the same densities in the nonrelativistic approach, we have systematically
compared the relativistic and nonrelativistic calculations, and established sources of the relativistic
eects.
 Using our numerical solution of the Bethe-Salpeter equation amplitude with a realistic kernel, the




1 , are calculated in the fully relativistic
fashion.
 Our numerical calculations of the structure functions emphasize a qualitative agreement with previous
non-relativistic results. However, we have found eects systematically distinguishing a consistent rela-
tivistic approach from the nonrelativistic one: in the relativistic formalism (i) the magnitude of binding
eects is larger and (ii) the eect of Fermi motion at high x is stronger; and (iii) the nonrelativistic
calculations suer unavoidable internal inconsistencies, which lead to small eects in the structure
functions FD2 and g
D
1 , but seriously damage structure function b
D
1;2 and noticably break sum rules for
this function.
The present paper concludes our systematic study of the deep inelastic electron (muon) scattering on
the deuteron in the Bethe-Salpeter formalism. The results are collected in the two papers, ref. [1] and the
present paper, and in part have been also published previously in refs. [2{4,30]. The main lesson, we have
learned from this study, is that the deuteron in the deep inelastic reaction indeed behaves as a very slightly
relativistic system. One has to look for special conditions or kinematics of the reaction to be able to nd
noticible relativistic eects. We have found certain situations where the relativistic approach is absolutely
essential and use of the nonrelativistic methods is not justied. Most representative examples are the high
x behaviour of the structure funtions and the spin-dependent structure functions, bD1;2.
Apart from the phenomenological dierences between the relativistic and nonrelativistic approaches, the
most important merit of the covariant formalism is its consistency. Its close connection to the eld theory
guaranties that the calculated observables obey the sum rules and other general properties imposed by the
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fundamental principles. In this sense the relativistic approach is denitely more advanced theoretically than
its nonrelativistic counterpart and provides a better understanding of the deep inelastic scattering on the
deuteron.
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APPENDIX A: EXPLICIT FORMULAE FOR DENSITIES
In this Appendix we present formulae which allow to restore explicit form of the various densities in the








































































where integration over  leads to the trivial factor of 2, since none of the matrix elements on the r.h.s.
depends on . To obtain explicit expressions for the densities discussed in the paper we have to compare
eq. (A1)-(A3) with denitions of corresponding densities.
Note, that a formalism presented in refs. [1,2] and in this paper can be easily adopted for an analytical
computer calculations. The following results have been obtained utilizing the Mathematica package [44]:
f
N=D
0 (p) = m (−8 a0(p0; p) t0(p0; p)− 8 a2(p0; p) t2(p0; p)) (A4)
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APPENDIX B: HADRONIC TENSOR FOR THE DEUTERON. PROJECTORS.
The parametrization of hadron tensor for the deuteron, utilized in the present paper, is given by eq. (3.1).






Three physical vectors are used in this parametrization:
1. PD the deuteron momentum. In the rest frame of the deuteron PD = (MD ; 0);
2. q the momentum transfer in the deep inelastic scattering. With proper choice of the orientation
of the coordinate system q = (; 0; 0;−
p
2 +Q2). In the deep inelastic limit, when Q2=2 ! 0,
pq = (p0 + p3).










(0;−1;−i; 0); M = 1
(0; 0; 0; 1); M = 0
1p
2
(0; 1;−i; 0); M = −1
(B3)
The symmetric part of the hadron tensor, WDfg, contains terms proportional to the two following tensor
structures:

















Because of the conservation of the electromagnetic current, the contraction of the hadron tensor with q in
respect of any index is zero. That is why only PDPD and g are available to construct the projection
operators to extract structure functions FD1 and F
D
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T (2) ; (B6)
DC  C1 C4 −C2  C3; (B7)
A1  g






Then the structure function are recovered by:
FD1 =




A2 C1 −A1  C3
DC
: (B10)




















where the second structure function, gD2 , is vanishing in the deep inelastic limit,  ! 1; Q
2 !
1; Q2= ! const. We do not discuss this structure function in the present paper. To obtain the spin-
dependent structure function, gD1 , we construct the antisymmetric projectors. The two following projectors
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meson coupling constants mass cut-o isospin
B g2B=(4); [gv=gt] B, GeV ,GeV
 12.2 0.571 1.29 0
 1.6 0.961 1.29 1
 14.5 0.139 1.29 1
 4.5 0.549 1.29 0
! 27.0; [0] 0.783 1.29 0
 1.0; [6] 0.764 1.29 1
m = 0:939 GeV, "D = −2:225 MeV
Table 1. The set of parameters of the kernel of BS equation used in this work.
27
FIG. 1. Triangle graph for nucleon contribution to the deuteron matrix element of operator O^.
FIG. 2. The charge density in the deuteron, eqs. (2.9) and (2.11) calculated in dierent models, nonrelativistic and
relativistic. Curves: the Bethe-Salpeter amplitude (solid), the Bonn wave function (dashed), the Paris wave function
(dotted).
FIG. 3. The hγ3i(p) in the deuteron calculated in dierent models. Curves: BS amplitude (solid), the Bonn wave
function (dashed), the Paris wave function (dotted).




M=0(p), calculated in dierent models. To exclude
the angular dependence the densities are divided by P2(cos). Curves: BS amplitude (solid), the Bonn wave function
(dashed), the Paris wave function (dotted).
FIG. 5. The spin density, hγ5γ3iM=1(p), in the deuteron calculated in dierent models (see Section II B for de-
nitions). To exclude the angular dependence for the present gure, densities are integrated over all angles. Curves:
BS amplitude (solid), the Bonn wave function (dashed), the Paris wave function (dotted).
FIG. 6. The one-pole contribution to the charge density of the deuteron, hγ0i
BS
pole(p), calculated with the BS
amplitude. Curves: the leading term in the Taylor expansion (dotted), rst two terms, up to / p22 (dashed), rst
three terms, up to / p24 (solid).
FIG. 7. The one-pole contribution to the spin density, of the deuteron, hγ5γ3i
BS
pole(p), calculated with the BS
amplitude. Curves: the leading term in the Taylor expansion (dotted), rst two terms, up to / p22 (dashed), rst
three terms, up to / p24 (solid).
FIG. 8. Dierent \versions" of the charge density of the deuteron calculated with the BS amplitude. Curves:
exact, hγ0i
BS(p) (dotted); in the pole approximations, hγ0i
BS
pole(p), (solid). Dashed curve presents eective density
for deep inelastic scattering which is the density in the pole approximation with account for the -function cut-o
at high momenta.
FIG. 9. The same as in Fig. 8, but for the spin-density, hγ5γ3i
BS(p).
FIG. 10. The eective distribution for the nucleon contribution in the deuteron structure function FD2 , f
N=D(y).
Curves: fully relativistic BS (solid); nonrelativistic Bonn (dotted), nonrelativistic, but using the BS charge density
(dashed).
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FIG. 11. The ratio of the deuteron and nucleon structure functions, FD2 =F
N
2 , calculated in dierent models. Curves
correspond to three eective distributions from Fig. 10: fully relativistic BS (solid); nonrelativistic Bonn (dotted),
nonrelativistic, but using the BS charge density (dashed).
FIG. 12. The deuteron structure function FD2 (x) at large x, calculated in dierent models. Curves correspond to
three eective distributions from Fig. 10: fully relativistic BS (solid); nonrelativistic Bonn (dotted), nonrelativistic,
but using the BS charge density (dashed). Dash-dotted curve present the free nucleon structure function, FN2 .
FIG. 13. The eective distribution functions for the deuteron structure functions, bD1;2, f
N=D(y), calculated in
dierent models. Curves: fully relativistic BS (solid); nonrelativistic Bonn (dotted). The dashed curve presents
yfN=D(y).
FIG. 14. The deuteron structure functions bD1 (a) and b
D
2 (b), calculated in dierent models. Curves: fully
relativistic BS (solid); nonrelativistic Bonn (dashed). The dotted curve presents bD1;2 calculated with the \soft"
nucleon distribution, the Bonn distribution but cut-o at jpj > 0:7 GeV .
FIG. 15. The ratio of the deuteron and nucleon spin-dependent structure functions, gD1 =g
N
1 , calculated in dierent
models. Curves correspond to three eective distributions: fully relativistic BS (solid); nonrelativistic Bonn (dotted),
nonrelativistic, but using the BS spin density (dashed).
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